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, 3 Abstract 



The totality Lie (V) of all Lie algebra structures on a vector space V 
over a field F is an algebraic variety over F on which the group GL (V) 
I I acts naturally. We give an explicit description of Lie {V) for dim V = 3 

rn which is based on the notion of compatibility of Lie algebra structures. 
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Introduction 

Historical remarks 

The problem of classifying 3-dimensional Lie algebras over M was firstly solved 
by L. Bianchi at the end of the eigtheen century. Recently, various works con- 
cerning classifications of low-dimensional Lie algebras appeared (see, for in- 
stance, [5] for a list of 4-dimensional Lie algebras and [7j for a special list of real 
Lie algebras of dimension < 8). Now Bianchi classification can be obtained in 
a more elegant coordinate-free manner. For instance, in [11 this is done on the 
basis of the invariants of Lie structures, in [2 the co-differential graded calculus 
is used, in j2] the outer derivations, etc. A shortcoming of the original Bianchi 
method, as well as of the above-cited works, is that they do not allow a satis- 
factory description of deformations of 3-dimensional Lie algebras (see [51|3J [S] 
and references therein). 

It should be especially stressed the recently emerged important role of Pois- 
son geometry in various questions related with Lie algebras and, first of all, 
classification, representation, deformations, etc. (see [6], [13] and [9]). We shall 
exploit it throughout the paper. 

Aim of the paper 

Let y be a vector space over field F of characteristic different from 2. All Lie 
algebra structures on V form an algebraic variety denoted by Lie (V). We call 
it "the Bianchi variety" if dim V = 3. The aim of this paper is to describe the 
Bianchi variety in a geometrically transparent manner. 

Our approach is based on the notion of compatibility of Lie structures (see, 
for instance, (13j) and differential calculus over the "manifold" V* in the spirit of 
[T] . First we show that all three-dimensional unimodular Lie algebra structures 
form an algebraic variety Lieo(T^) which is naturally identified with the space 
of symmetric bilinear forms on V* . Recall that a Lie algebra is unimodular 
if operators of its adjoint representation are traceless. Then we show that a 
generic Lie structure can be obtained by adding a non-unimodular "charge" 



to a unimodular structure. This "charge" (see pag. [6]) is a particular non- 
unimodular structure, which reduces the problem to a description of how such 
a "charge" can be attached to unimodular structures. 

The obtained description of Lie {V) allows, besides others, to see directly 
peculiarities of deformations of 3-dimensionale Lie structures. Also from this 
point of view the Bianchi classification can be seen as moduli space 



GL(V)- 



Notations and preliminaries 



We shall use the Einstein summation convention, assuming that the index "«" 
in T^ is treated as an upper one. 

By a Lie structure on a vector space V we mean a skew-symmetric F-bracket 
[ • , • ] on y, which fulfills the Jacobi Identity 

[v,[w, z]] = [[v,w], z] + [w,[v, z]] yv,w,z e V. 

Fix a basis {xi,a;2, . . . ,a;„} of V. This induces a basis {^^,f^, . . ■ ,^"} of V* , a 
volume n-covector ^ — ^^ A ^^ A • • • A ^", and its dual v. 

An element c of y (8)f A (^*) looks as c = c^jxfe (g) ^* A (,^ and defines a Lie 
algebra structure iff 

c^hc + Ccjclb + CfcjC^ca^O, a,6,c,fc = l,2,...,n. (1) 



^aj^bc 



. 2/ 



This way Lie (V) is identified with the afRne algebraic variety in V <Sir /\ {V*) 
determined by equations (IT]), and a Lie structure c identifies with the family of its 
structure constants {cfA. Obviously, a natural action of GL (V) on V(E)w/\ {V*) 
leaves Lie {V) invariant, and defines an action of GL {V) on Lie {V). 

li diiaV = 3, we introduce the basis {i''}h=i.2^3 oi/\^{V*), |'* =^ e%f A^^ 
where e\j is purely skew-symmetric symbol. Then an element c of V^r A (^*) 
looks as c = c^Xfe (8) ^ , where c'^j = c^e'^j^, and ill becomes 

"£^'^0^4 = 0, k^ 1,2,3. (2) 



1 Differential Calculus over algebra S{V) 

In this section elements of differential calculus over V* are sketched, in the the 
spirit of differential calculus over commutative algebras (see [T]). Below V stands 
for e a finite-dimensional F-vector space, n = dimF, and S{V) = ^Si{V), 
where Si{V) is the «-th symmetric power of V. The algebra S{V) is naturally 
interpreted as the algebra of polynomials on V* , whose ¥-spectrum identifies 
with V* . Consequently, the necessary elements of differential calculus on the 
"manifold" V* are interpreted as those over commutative algebra S{V). 



Denote by D{V*) the S'(F)~module of derivations of the algebra S{V), which 
we interpret as vector fields on V* . Then, obviously, the map 

D{V*) -^ S{V)(g>wV* (3) 

X o X\v 
d_ 



& ^^1 ,---:*n:*'^l ' ' * '^ U O "^ '^i 1 - ■ ■ ■ , ^n , « *^ 1 ' * * *^n *^ S 



where g|-(wiW2 • ■ ■ w™) = Z]"=i r(«)«i ' ' ' ^i-iVi ■ ■ ■ Vm, is a S'(y)-module iso- 
morphism. Put 

D,{V*)=^D,{V*), (4) 

i 

where Di(V*) is the 5(V^)-module of skew- symmetric multi-i~derivations of 
the algebra S{V), which we interpret as i-vector fields on V* . Then a similar 
isomorphism between D,{V*) and S{V) ^v A* ^* holds. In particular, c = 
Ci^,-2;fe (^ C A ^^ corresponds to the bi-vector field 






^^ = 4-'=£rA7^. (5) 



If n = 3 and c — cf^Xk (^ ^ , ^ reads 



P'--t4F^ir^ir- (6) 



The algebra S'(T^)(8)f A*(^*) is Z2-graded. For example, hnear vector fields are 
exactly elements of bidegree (1, 1). We emphasize that accordingly to ^ linear 
vector fields correspond to endomorphisms of vector space V, 



dcf ,- d 

'rr. !• ^ 

dxi 



X^ = ^-^^^ (7) 



where, by definition, X^{v) = ip{v), v ^V. 
The Liouville vector field on V* 

plays a special role, and is denoted by A. A bi-vector is called linear when its 
bidegree is (1, 2), quadratic if it is (2, 2), etc. These definitions extend straight- 
forwardly to all tensor fields over V* . 
Similarly, 

A'{V*)=^^A\V*), (8) 

i 

is the S'(T^)-module of polynomial differential forms on V* . Here the S(V)- 
module A*(F*) of i-th order differential forms on V* is identified with the i-th 
skew-symmetric power f\''{S{V) (^r V) of the S'(F)-modulc S{V) (E)w V, which 



coincides with S{V) (SDf A*(^)- I'^ particular, this identification for i = l looks 
as 

A\V*) -^ SiV)®wV (9) 

In view of the above isomorphisms, natural operations with multi-vector fields 
and differential forms, such as insertion. Lie derivative, Schouten bracket, etc., 
are easily reproduced in S{V) (8)f A*(^*) ^^^^ S{V) (^^ /\*{V)- These algebras 
are naturally bi~graded (Z^-graded). The total degree of an element of bidegree 
{p, q) is p + q. Obviously, a tensor field T is homogeneous of total degree k iff 
LaIt) = kT. The Schouten bracket is denoted by [•,•]. 

Elements of S{V) ®f V* C 5(F) (E)w A*iV*) (resp., S{V) (E)rV C S{V) (^w 

/\*{V)) will be called linear. A linear 1-form ojq = q^^Xidxj, is closed iff the 
matrix q — \\q^^\\ is symmetric. Also, observe that if n = 3 and q is skew- 
symmetric then LUq A dujq is zero. 

A bivector P e S{V)(E)r/\^{V*) is called Poisson if [P, P] = 0. The following 
fundamental correspondence, for the first time established by S. Lie, is the 
starting point of the paper. 

Proposition 1. There is a one-to-one correspondence between Lie 
structures on V and linear Poisson bivectors on V* . Namely, 



c ; 



f ^k T , , Tjc k 



d d 



RloP-^c^x,— A— . (10) 



'^' '' "dx, dx, 



P'^ given by ([5]) is called the Poisson bi-vector associated with c, and the 
corresponding to it bracket is referred to as the Lie-Poission bracket on S{V) 
(see 0). 

Recall (see[T5]) that the map 

dp = {P,-]:D,{V*)^^D,{V*), PeD2iV*) (11) 

is a differential in D{V*), i.e., dp = 0, iff P is a Poisson bivector. Moreover we 
have (see P^) 

Proposition 2. There exists an unique homomorphism Tp : Dt{V*) — > 
A*{V*) of S(V) -algebras which is a cochain map from (Dt{V*), dp) to {A*{V*), d). 

1-cocycles (resp., 1-coboundaries) of dp are called canonical (resp., Hamil- 
tonian) vector fields on V* (with respect to the Poisson structure P on V*). The 
Hamiltonian vector field corresponding to the Hamiltonian function / £ S{V) 
will be denoted by Pf, i.e., Pf — dp{f). It is easy to see that Pf — —i^fiP) 
(the contraction of df and P). 

When P = Pc, the corresponding to the Hamiltonian vector fields foliation 
is referred to as the symplectic foliation determined by c. 



From now on we shall assume that dimF — 3. The volume form v = 
dx-^Adx'^Adx^ determines a standard duality between i-vector fields and (3 — z)- 
differential forms. The linear bi-vector P'^ defined by ^ is dual to the linear 
1-form 

Oic = ^c'^Xkdxh, 

h 

i.e., P%f, g)v = dfAdgA a„ f,g & S{V). 
We have (see US]) 

Lemma 1. P E D2{V*) is Poisson iff a A da = for the dual to P 1-form a. 

Denote by qc the bilinear form on V* corresponding to ac in ([9]). 

Corollary 1. If qc is either symmetric, or skew-sym,m,etric, then c is a a Lie 
structure on V . 

Proof. Directly from Lemma [T] and Proposition [T] D 

Hence Lie {V) can be identified with a subset in the space of linear differential 
1-forms. As such, it contains the subspace Lieo(l^) of differential forms which 
correspond to symmetric bilinear forms on y in Q , and the subspace TV of those 
which correspond to skew-symmetric differential forms. Recall that a structure 
c is unimodular if and only if a^ is symmetric fsee(I5]). Accordingly, elements 
of Lieo(y) (resp., N) are called unimodular (resp., purely non-unimodular) . 

Since a bilinear form splits into the sum of a symmetric and a skew-symmetric 
part, a Lie structure c on y can be "disassembled" into the sum of an unimod- 
ular component with a purely non-unimodular one, 

ac^dP + a, dF eUea{V),aEN. (12) 



In terms of Lie structures, (12 1 reads c — cp -\- Ca, where cp (resp., Cq) is the 



Lie structure corresponding to dP (resp., a), and in terms of brackets, 

[f, w] = [w, w]o + [w,tc]i, v,weV 

where [• , •] (resp., [• , -Jo, [• , -li) is the Lie bracket on V corresponding to c 
(resp., cp, Ca). 

Recall the following 

Definition 1. Elements ci,C2 € Lie(V^) are said to be compatible if ci + C2 G 
Ue{V). 

So, the unimodular part cp of c and its purely non-unimodular part Ca are 
compatible. 



Disassembling (12) can also be read as ac — Tro{ac) + a, where 

V(SrA\V*)^Ueo{V) (13) 

is the canonical projection of bilinear forms onto symmetric ones. 



Remark 1. The possibility to identify Lie structures as a bilinear forms is a 
peculiarity of the three-dimensional case only. 

The compatibility condition of two Lie structures are, obviously, expressed 
in terms of their unimodular and purely non-unimodular part as follows. 

Lemma 2. Lie structures CdF+a <md cj^c+p o.'"'^ compatible if and only if 

[CJ^,C^1 + [CG,CJ=0, (14) 

or, equivalently, 

dF A P + dG A a = 0. (15) 

The following fact is obvious as well. 

Lemma 3. Let P andQ be commuting bi-vectors, andv,w € V, Then \vP^wQ\ = 
vP{w) A Q - wQ{v) A P . 

2 Finite and infinitesimal GL (F)— actions 

Fix an automorphism ip^ GL {V). The adjoint to "0 map is a diffeomorphism 
of V* ^ which we still denote by tp. Indeed, "0, the diffeomorphism, corresponds 
(in the sense of [T]) to the algebra automorphism of S{V) whose restriction to 
V coincides with ■0, the automorphism. 

Then the action of ip is naturally prolonged to differential forms and multi- 
vector fields on V* , and, in view of isomorphisms (Is]) and Q, to the algebras 
S{V) (g)F A*(^*) aiiti 'S'(^) ®v /\*{V), respectively. We keep the same symbol 
tjj for the prolonged automorphism, except for differential forms, when the pull- 
back i/)* is used. 

An easy consequence of Lemma [1] is that the action of GL (V) on linear 
differential 1-forms restricts to Lie(y). In terms of Lie brackets this action 
reads 

[v,w]' = V^^^([-0(w),V(w)]), v,weV, 

where [• , •] (resp., [• , •]') corresponds to ac, (resp., ^p*{ac))- It is straightfor- 
ward to verify that P^^'^) = ^{P'')- 

Remark 2. The identification ac O P'^ of linear 1-forms with linear bi- vector 
does not commute with actions of GL {V) on them. Namely, we have 

V'*(ac) • detV' = a,/j(c), '0GGL(\/). 

Denote by Stab (c) =' {V^ G GL (V) | i/'(c) = c} C GL {V) the stabilizer of c. 

An endomorphism ip£ End {V), i.e., a linear vector field on V* (see Q), can 
be interpreted as an infinitesimal automorphism and, as such, it acts on tensor 
fields on V* by Lie derivation. On the other hand, the differential dpa (see 111])) 
acts on ip and produces dpc{ip). It is easy to verify that Lx^{ac) — ckdpc(i^)- 
The infinitesimal counterpart of the stabilizer is the symmetry Lie sub-algebra 

sym (c) = {if e End {V) \ Lxjc) ^ 0} C End (V). 



Remark 3. Notice that dpc[ip) is a linear bi-vector field on V* , but not neces- 
sarily a Poisson one. 

We conclude this section by collecting basic facts about the cohomology of 
Lie structures (see [13] for more details), which will be used to describe the 
orbits of the Bianchi variety. 

A linear bi-vector field P such that dpc [P) = is called a 2-cocyle of c. 
These cocycles form a subspace Z'^{c) in End(y). A linear bi-vector field P 
such that P = dp<:{ip), for some endomorphism (p, is called a 2-cohoundary of 
c. The totality of 2-coboundaries is a subspace of Z^{c) denoted by B^{c). The 

quotient space H^ (c) — g2(J\ is called the 2-cohomology of c. 

Intuitively, the tangent space at c to Lie [V] may be taught as the affine 
subspace parallel to Z'^{c) and passing through c. Similarly, the tangent space 
at c to GL {V) ■ c may be viewed as the affine subspace parallel to B^{c) and 
passing through c. So, in "smooth" points of Lie {V), we can interpret dimZ^(c) 
as the dimension of Lie {V) at c, dim i3^(c) as the dimension of the orbit of c, 
and the difference diniZ^(c) — dim i?^(c) — dim H^{c) as its co-dimension. 

3 The Canonical Disassembling of a 3— Dimensional 
Lie Structure 

Firstly observe that GL {V) preserves the fibers of the projection ttq oiV^^fV 
over Lieo(V^). 

dof 

of the above definitions. 



Put Zff{dF) = Z'^{cf) n N. The following assertion is a direct consequence 



Proposition 3. In the above notation the following conditions are equivalent: 

• dF + a corresponds to a Lie structure, 

• cp and Ca are compatible, 

• dF Aa = 0, 



• ae Z%{dF). 



An easy consequence of Proposition [3] is the following 



dof 



Lemma 4. Z\{dF) — Q ^{cp), with ( = (Tro)!^ 



;(V)- 



Note that the map (^ is not of constant -rank. Namely, the dimension of 
C~^{cf) depends on the rank of the polynomial F. It should be stressed that 
C~^icp) is naturally interpreted as a variety of purely non-unimodular struc- 
tures compatible with dF. We shall show that its dimension equals 3— rank (dF). 



To this end, we compute the Schouten brackets between the basis elements 

{xidxj}i J =1^2, 3 of Lieo(l^) and the purely non-unimodular Lie structures a^ = 
e^^^^^Xi-^dxi^, i.e., the basis elements of A'^. 

We usually write ■^d{x^) instead of Xidxi, i = 1,2, 3. 



Proposition 4. 



r if 1^1 f ° */i^*i'*2, 

[^i.(.f)'^"^] = | 2x,| otherwise; [^ ^-n -.. ' ^^ J = 2a:,, | z/j = *2, 

Proof. From daj = e^'^^^dxi^ A dxi^ it follows that dxf /\aj —0 when j ^ i and 
dxi^Xi^ A aj — when j ^ Ji,i2. Then, in view of Corollary [31 this gives the 
result for i j^ j and for i ^ 11,12- 
Next, by using Lemma [3] we have 

= XiC^ A $1 A ^^ + xi^^ A C^ A ^1 = 2xi|. 
Similarly one computes the remaining commutators. D 

Lemma 5. codim Zff{dF) — rank(dF). 
Proof. Let F — h{Xx1 + /iXg + 1^2:3) and a = aa\ + 6a2 + cas- Then 

[cf, Cq] — (2Aaxi + 2fibx2 + 21/0x3)^ 
is zero if and only if the F-valued vector (Aa, fib, vc) vanishes. D 

Figure IT] visualizes Lemma [5] The four "vertical" linear spaces, crossing the 
"horizontal" plane Lieo(l^), represent the C-fibers attached to the rank-0 Lie 
structure (blue point), to a rank-1 structure (green point), to a rank-2 structure 
(purple poin), and to a non-degenerate structure (red point). 

The disassembling property of Lie structures leads to a natural factorization 
of the action of GL (V ) on Lie {V) . Namely, GL {V) preserves C,. In view of that, 
the study of the moduli space ^'^ \yl naturally splits into two steps. The first of 
them is to describe the moduli space of the symmetric bilinear forms (which is 
well-known for some fields F), while the second is to describe the moduli space 

Stab (dF) ■ 

To this end consider the subvariety E = {(di^, V') | V' G Stab(dF)} C 
Lieo(V^) X GL {V) and its natural projection a : E 1 — > Lieo(V'), {dF, iji) \ — > dF. 

Now fix an orbit Q. = GL {V)- dF of the GL (l/)-action on Lie {V) (see Remark 
[2]). Lemmalsltells precisely that C|o is a (3— rank (iF)-dimensional vector bundle 
over ri. 

Observe that cr|si is a principal group bundle over fJ, acting on C,\n- 

Lemma 6. The quotient bundle ^^ is endowed with an absolute parallelism 
and, therefore, it is trivial. 
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Proo/. Take dF, dG € fi, and choose (y9 G GL (V) such that dG = ^*{dF). 
Define parallel displacement t : (^] (dF) — > (^] (dG), 



dof 



i(Stab (dF) • (dF + a)) = Stab (dG) ■ {dG + (^*(a)), 



(16) 



and prove that (161 does not depend on the choice of a and ip. 

If a' is another choice of the non-unimodular charge of the orbit of dF + a, 
then a' = </>*(«), with S Stab (dF). So, (p~^4"P G Stab (dG) implies that 
Stab (dG)-(dG + 93* (a)) = Stah{dG) ■ {dG + {ip-^(j)ip)*{ip*{a))) = Stab (dG)- 
{dG + ip*{(t)*{a))) = Stab {dG) ■ {dG + if* {a')). 

If ^is another transformation such that dG ~ Ip*{dF), then <p^^(/3 G Stab {dG). 
Hence, Stab (dG)-(dG+^* (a)) = Stab (dG)-(dG+((p- V) *('/'*("))) = Stab (dG)- 
(dG + ^*(a)). D 

Let c = cf + Cq, be a Lie structure. The orbit GL{V) ■ ac of Uc is precisely 
the only parallel section of §p- which takes the value Stab {dF) ■ a at the point 
dF. In other words, we have proved the main 

Theorem 1. The orbit space Q^^iy) is fibered over the orbit space Qi/iy) , the 
fiber at il being given by the set of parallel sections of ^4^. 

So, we have the following algorithm for describing orbits of Lie structures: 

1. find the orbits of the action of GL {V) on Lieo(V^); 

2. find the parallel sections of ^, for any orbit 51 coming from the first step. 



10 



The evident advantage of this procedure is that the fibers of ( and a are much 
smaller than Lie (V^) and GL(y), respectively. Moreover, as we shall see, the 
second step does not depend on the field F. 

Remark 4. Even in the case when the orbit space Qxry) is not known, elements 
of Lieo(^) are distinguished by their ranks (see [5]). Degenerate forms fill up a 
cubic hypersurface (purple curve in Fig. fTl), which in its turn contains a closed 
subset of rank-one forms (green points in Fig. nl) . 

Let c = cp + Ca he a Lie structure, and fl the orbit of dF in Lieo(V^). 

Lemma 7. CIgl(V)qc '■' '^ bundle over fl with the fiber Stab (d_F) • a. 

Proof. Since GL (V^) acts as a bundle automorphism on ClGL(y)Q<:' i^ suffices 
to compute the fiber CIql (v)-a i'^^)- ^^ element c' = cp + Ca' is in such a fiber 
if and only if dF + a' e GL {V) ■ Uc, i.e., a' = V'*(a), with ?A g Stab {dF). D 

Corollary 2. dim GL (V) ■ a^ = dim(GL (V) ■ dF) + dim Stab (dF) ■ a. 

This corollary suggests a formula for computing dim i?^(c), 

,• n2. N ,• ^2/ N ,■ f Stab(dF) 

dimS^ c) = dim B^(cp) + dim ^ w ...n r. . / n 
^ ^ ^ ^ VStab(dF)nStab(a) 

whose "infinitesimal version" is 

dim r^^^i^) ^ dim r^^Vdim ( /""^'"^^ . . ) . (17) 

\syni {dF + a) J \sym {dF) J ^sym (di^) n sym (a)/ 

Remark 5. Notice that sym {dF + a) ~ sym {dF) D sym {a). 



4 Computations 

4.1 Unimodular structures 

In the case a = Lemma [7] says that the orbit of ac coincides with O. In view 



of ( 17), in order to find its dimension, it is sufficient to compute dim[sym {dF)] 
(Proposition [5]) . 



Proposition 5. 



6 if rank dF = 3 

dim B^ {dF) = <( 5 if rank dF ^ 2 

3 ifrankdF=l 



Proof. We shall show that 



if rank dF = 3 

dim[sym {dF)] = -( 4 if rankdi^ = 2 

if rank dF ~ 1 . 



11 



To this end, prove that i^ € sym {^d{x\ + Xx^ + /ix|)) if and only if 

d d d 

Xw = {-Xax2-fJ,bx3)- \-{axi+ 0x2 + 6X3)- \'{bxi+ fx2+dx3)- — , (18) 

OXi 0x2 0x3 

with the coefficients a, . . . , f satisfying conditions 




(19) 

Indeed, since Lx^(id(a;2)) = ((p^Xjg|-)(id(4)) = ld{{iflxj-^J{xl)) ^ d{iflxjSlxk) = 

(fi-ldxjXk, the Lie derivative 

Lx^iH^l + ^xl + ^ixD) = ^\ld{x\) + \vl\d{xl) + ^iV^d{xl) 

+ {ipl + \(f>\)d{xiX2) + {^.(p\ + ip\)d{x3Xi) + (AV52 + tJ'V3)d{x2X3) 



vanishes if and only if X^p can be put in the form ( 18 ), with coefficients satisfying 



(19). D 



In the left side of Figure [Tithe spaces B^{dF), whose dimension was com- 
puted in Proposition [5] are drawn as tangent spaces to Lieo(F). 

Proposition 6. dimZ^(ci?) = 9 — rankdF. 

Proof. Observe that Z'^{cf) — Lieo(V') ® ZJf{dF) and apply Lemmajs] D 

Figure^makes evident Propositionpl Indeed, Z^{cf) is precisely the space 



spanned by the "horizontal" subspace Lieo(V^) and the "vertical" subspaces 



Z%{dF). 



The above results concerning the orbits of unimodular structures are sum- 
marized in the next table for F = M. 

Type Bianchi type(s) Lie structure(s) rankdF dim GL (1/) ■ dF AiraZ%{dF) 

Ao AI Abelian 3 

A-i All Heisenberg 15 2 

^2",^+ AVIo,AVIIo c(l,l),c(2) 2 5 1 

A^,A+ AVIII, AIX 0(2, 1), 0(3) 3 6 

Remark 6. In this table we introduce a new notation for isomorphism classes of 
three-dimensional Lie algebras, hoping it will be more informative. The original 
Bianchi notation can be found in [T0|. 

4.2 Non— unimodular structures 

4.2.1 rankdF = 0. 

Then dF ^Q.,VL^GL {V) ■ dF = {0}, Z^(0) = N and Stab [cp) = GL {V). In 

N 



other words, ^ consists of just one fiber, which identifies with 



GL(y)- (2°) 
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dimZ (cf) 


AmH^icF 


9 


9 


8 


5 


7 


2 


6 






Independently on the field F, it can be easily proved (see [13]) the following 



Proposition 7. The moduli space ( 20 ) consists of two orbits, one of which is 
0. 

Proposition 8. ip G sym (a^) if and only if 

d d d 

X^ = {axi + bx2)-^ 1- {cxi - ax2)^ h {dxi + ex2 + /^^a)^ — ■ (21) 

Proof. It directly follows from 

Lx,^{a3) = {^lxj-^,){xidx2 - X2dxi) = 

= iplxj5\dx2 + xid{ip\xj52) — i^lx-jS^dxi — X2d{ipjxjSl) = 

= ip\[xjdx2 — X2dxj) + ip2{xidxj — Xjdxi) — —flai — 'P2'^2 + ivl + f2)'^3- 

D 

The "vertical" blue subspace in Figure [l] is N. The 3-dimensional space 
-B^(a3) is shown inside N. 

Notice that when F = M or C, Proposition [8] is sufficient to prove that the 
orbit of as is 3-dimensional and, therefore, it coincides with A'^ \ {0}. 

4.2.2 rankdF=l. 

Independently on the field F, all rank-1 elements of Lieo(V^) belong to the same 
orbit Q = GL (V) ■ ^d{xl). To compute the fiber of q'^ \yl over O, it suffices to 
compute the moduli space 

Stab(id(a;2)) ^ ' 

(see Theorem fl]). 

Observe that Zjf{^d{x1)) is the 2-dimensional vector space spanned by a2 
and as (see the proof of Lemma pi). Fix a non-zero element aa2 + ba^. Then it 
is possible to choose an automorphism ip g GL (V) which preserves xi and sends 
bx2 — ax3 to X2- In other words, ^p G Stab(^d(x^)) and ^*{aa2 + ba^) — as, 
thus proving the following 



Proposition 9. The moduli space ( 22 ) consists of two orbits, one of which is 
0. 

4.2.3 rankrfF = 2. 

The orbits of rank-2 structures in Lieo(V^) are fl = GL {V)-dF, F ~ ^(x^+exj), 
with e e F (see \5). Recall that Z'j^{dF) is the 1-dimensional subspace spanned 
by as (see the proof of Lemma [5]). 

We shall show that the fiber over ft is F. 
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Proposition 10. Let ¥ beM. (resp., C). Then the moduli space 
ZUdF) 



(StabdF)' 
coincides with (as). 



F=\{xl + exl),e = ±l{resp.l) (23) 



Proof. Notice that he stabihzer in Stab (dF) of an element Aas G Zfj{dF) 
coincides with Stab (Xa^) Stab (dF). To prove the result, it suffices to show 
that Stab (dF) is contained in Stab (Xa^). 

This is obvious for A = 0. For A 7^ we, ffi'st, observe that Stab(Aa3) = 
Stab (as). Then, it follows from Propositions [5] and Is] that a symmetry of dF is 
also a symmetry of as. D 

The proof of the above proposition is simplified by infinitesimal arguments, 
which does not work if F is different from M or C For a generic F see |13) . 

4.2.4 Cocycles of non unimodular Lie structures 

Lemma 8. If c is a non-unimodular Lie structures, then dim Z^{c) = 6. 

Proof. Any non-unimodular Lie structure is equivalent to c 1 „ ^,+Cai. Let 

dF — d{^{ax1 + bx2 + cx'^)+ex2X3 + fxiX3+gxiX2) (resp., a = fcai+^a2 + r7ia3) 
be an arbitrary element of Lieo(T^) (resp., N). Then, independently on A and 
/x, the commutator 

+ fci Ca ] 

2{ax1+bxl+cxl)+eX2X3+fxiX3+gxiX2' "^ 

= {kX2xi + I^i2x2 + c2x3 + 26X2 + 2fxi)^ 
= 2((/ + kX)xi + {e + lfi)x2 + cx3)$, 

vanishes if and only if the three equations f + kX = 0, e + Ifi = and c = are 
satisfied. D 

The obtained results are summarized in the following table, where c = cp + 

Co,. 

Type Bianchi type(s) rankdF dim i3'^(c) dimZ^(c) dim iJ-^(c) 

So V 3 6 3 

Bi IV 1 5 6 J 

B^^ III, VI;,, VII,, 2 5 6 i 

5 Compatibility varieties 

Let ce Lie(V). 



14 




Figure 2: Only when c is an unimodular structure of type A^ , Lie (y,c) is a 
linear space. 



Definition 2. The affine algebraic variety Lie {V, c) — Lie {V) O Z'^ {c) C Z^(c) 
is called the compatibility variety of c. 

Obviously, Lie {V, c) can be understood as the set of Lie structures which 
are compatible with c, or as the union of all linear subspace of Lie {V) passing 
through c. So, Lie {V, c) is a conic variety. 

The canonical disassembling of Lie (V) and other results of Section [s] are 
reproduced as well for the compatibility variety Lie(y, c), with unimodular 

c. In particular, Lieo(V^) C Lie(V^,c_F) for any F. Consider the map (^ = 

T^o\Lic{v,CF)- Then we have 

{C^)-\dG) = Z%{dG) n Z%{dF). 

5.1 Computations 

In this subsection we shall describe the varieties Lie {V, c), for all types of struc- 
tures c. Obviously, Lie {V, 0) = Lie (F), so we assume c ^ 0. 
We introduce the notation 

s^ = span{i(i(a;^), i(i(x2), 5(i(xia;2)}. 
Notice that s^ identifies with the space of symmetric bilinear forms on span {C^, C^j- 
S.l.l Compatibility variety of A^ structures 

Let c = cp. If rank(F) == 3, then Z%{dF) = and Lie (y, c) = Lieo(V^) is a 
6-dimensional vector subspace (see Fig. [2]). 

5.1.2 Compatibility variety of A2 structures 



Let now F = ^{xf + ex^), e e F \ {0} 
Lemma 9. ^^(as) n Lieo(y) = s^. 
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Figure 3: The compatibility variety af a structure cp of type A2 

Proof. Immediately from Proposition [4] 
Proposition 11. Lie (y,Ci?) is the union 

hie{V,cp) = Lieo(V^) U span {s^, as} 



n 



(24) 



of a 6-dimensional and a ^'dimensional subspace, intersecting along the 3- 
dimensional subspace s^. 



Proof. Obviously, the right-hand side of (24) is contained in the left one. Let 
a' = cg + a & Lie {V, cp) with a ^ 0. 

Since c' is compatible with cp, dF A da^' — 0. But dF A da^' — dF A da, 
so dF A da = 0, i.e. a G Zf^{dF). In view of Lemma Isl Zf^{dF) is the one- 
dimensional subspace generated by a^. Hence a = Aaa, A 7^ 0. 

This shows that cq, being compatible with a, is compatible with a^ and, by 
Lemma 9I is a linear combination of 2^(2^1), 2d{x2) , d{xiX2) . □ 



Figure [S] shows that the structure of Lie (V, cp) is quite simple. The 3- 
dimensional subspace s^ is precisely the locus where the fibers of C^ are non- 
trivial. The restriction of ^^ to it is a trivial bundle with fiber span {013}. 



5.1.3 Compatibility variety of Ai structures 

This case is more complicated (see Fig. W|. Let F = \x\. 

Proposition 12. // (0, 0) ^ (a, b) G F^, then C,^ is a rank-2 trivial bundle over 
the line span{2d(a;i)} with the fiber spa.n {a-z , ct^}, and ower span {2 ^(a;!), 2d{{bx2- 
0x3)^)} \ span {ifi(a;^)}, (^ is a rank~l trivial bundle with the fiber span {aa2 + 
ba^}. Fibers ofC,^ are trivial over the rest o/Lieo(T^). 
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Figure 4: The compatibility variety af a structure cp of type Ai. 



Proof. As it follows from Lemma^ Z'f^{dF) — span{a2, cts}- Therefore, the in- 
tersection Z%{dF)nZ%{dG) is 2-dimensional if and only ii Z%{dF) = ZJj{dG), 
i.e., if dG belongs to the line span{^d{xl)}. 

The intersection Z^{dF) H Z'j^{dG) can be of dimension 1 in the following 
two cases. First, Z^{dG) is a 2-dimensional subspace intersecting span {02, 03} 
along a line, and, second, Z^(dG) is a 1-dimensional subspace contained in 

span {a2, as}- 

In the first case, a line in span {a2, as} can be written as span{aa2 + ba^}, 
with (0,0) 7^ (a, 6). Then dG = ^d((bx2 — 0x3)^) is the only rank~l structure 
such that Zj^{dG) intersects span {02,03} along span{aQ!2 + ba^}. 

In the second case, dG must be a rank-2 structure such that Zf^{dG) is 
precisely span{aQ;2 + ba^}. Up to proportionality, this is G = ^(xf + (6x2 — 



0x3 j 



D 



5.1.4 Compatibility varieties of Bo structures 

If ai (resp., d{xiXj)) is a base vector of N (resp., Lieo(V^)), then the dual to it 
covector will denoted by a° (resp., d{xiXj)°). 

As it follows from LemmalSJ the space of 2-cocycles of the structure cp + Ca^^ 
with F = 2 (-^2;^ + IJ.X2), is the 6-dimensional space 



span{s^,ai — Xd{xiX3),a2 — fJ.d{x2X3) , a^} . 
If c is a structure of type Bq, i.e., X — fi = 0, then 

Lie (F, c) = r 1(^2 ). 



(25) 



(26) 



ClLiG(v,c) is a stratified vector bundle over s^. Indeed (see Lemma ^, ( is of 
rank 3 over {0}, it is of rank 2 over the quadric d{x1)° d{x2)° — {d{xiX2)°)^ = 0, 
and it is of rank 1 over the rest of s^ (see Fig. ^ . 
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s^ =Spaii {^ii(.Tf), ld{xl), ld{xiX2)} 



Figure 5: The compatibility variety of a non-unimodular Lie structure of type 
Bo- 



5.1.5 Compatibility varieties of Bi structures 



If c is a structure of type Bi, then A = 1 and /i = 0. Directly from (251 



it follows that Lie (y, c) is the intersection of C~^(span{s^, ^(xiXs)}) with the 
afiine hyperplane (ai)° = —{d{xiX3))°. Moreover, if cq + ad^xix^) + a G 
Lie {V, c), with cg & s"^, it is easy to prove that a = 0. In other words, 



Lie(y,c) = ri(s2)n{(ai)°=0}, 



(27) 



i-e., ClLic(v,c) is a stratified vector bundle over s^, whose fibers are subspaces of 
the corresponding fibers of (^. 

Describe now the corresponding strata. Let cq + a E Lie(V,c). If cq £ 
spa.n{^d{xi)} then ClLie(v'c)('^G) = span {a2, as}. If cq is a point of the quadric 
d{xl)°d{x2)° — {d{xiX2)°)'^ — 0, not belonging to the line span {^d^xf)} , then 
^\'Lie (V c)('^g) is the 1-dimensional subspace (ai)° = of (~^{cg)- If cg is not 
in the quadric above, then Clinic (v c)('^C!) coincides with C~^(cg), i.e., span {as} 
(see Fig. [6]). 

5.1.6 Compatibility varieties of B^^ structures 

Finally, if A — ztfj, = i^^^, then c is a structure of type i?2 i^- ^^ ^^is case 
Lie(T/,c) is the intersection of (^^^(spaii{s^,d{xiX3),d{x2X^)}) with the affine 
subspace 

' {a^r = -iy{d{xiX3)r 
{a2)° = T^id{x2X3))° . 

Moreover, if c' = cg + ed{xiX3) + fd{x2X3) + a G Lie (V, c), with cg G s^, it is 
easy to prove that e^ — ±/^. 
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me(V,c)' 



C ^ =span {03} 

CI De ( V,c ) (CC3 )^--^ {/V2 , a 3 } 




s^ =Span {^(/(.Tf), |d(x|), id{xia;2)} 



Figure 6: The compatibility variety of a non-unimodular Lie structure of type 

If e = / = 0, i.e., the unimodular component of c' belongs to s^, then 

Lie (y, c) n CHs') = C\s') n {{a.y = (a^)" = 0}, (28) 

i.e., the restriction of CIlic (y.c) over s^ is a trivial vector bundle with the fiber 
span {as}. 

If e/ 7^ 0, then it is easy to prove that c' = ac+e{d{xiX3)—i'ai)+f{d{x2X3)^ 
va2). In other words, the restriction of ClLic(V',c) over the degenerate quadric 
{(d(a;ia;3)°)2 =F {dix2X3)°)'^ = 0} C span{id(a;f) ± ^d{xl),d{xiX3),d{x2X3)} is 
the graph of the map 

a{^d{xl) ± ^d{x2)) + ed{xiX3) + fd{x2X3) 1 — > i^(aa3 — eai =F /a2). (29) 



Comparing ( [26^ , (27), (281 and (29), one observes that when the rank of the 
unimodular component of c increases, the dimension of the fibers of ClLic(y.c) 
over s^ decreases. Observe that in all cases. Lie (V, c) n Lieo(T^) = s^. It is 
worth also stressing that elements c' € Lie (V, c) such that C(c') ^ s^ exists only 
for structures c of the type i?2 ,y (see Fig. un. 

5.2 Deformations of Lie structures 

Recall that a (algebraic, smooth, continuous) deformation of a Lie structure c is 
a (algebraic, smooth, continuous) curve in Lie {V), i.e., a map 7 : F 1 — > Lie (y), 
passing through c. 

Denote by J^ the algebra of algebraic functions on Lie (V), i.e., the quotient 
of S{V(g>rV) by the ideal generated by ^. If F = K, define also C°°(Lie (V)) as 
the quotient of the algebra C'^{V ®f V) by the ideal generated by ([2]). A map 
from F to Lie (V) is called alebraic (resp., smooth) if it corresponds to an algebra 
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Clne(Kc)=^P^^{"3} 



Cine 



Lie(Kc) 




s =Span {^d{xi),^d{x2),^d{xiX2)} 



degenerate quadric {d{xix^)°) +_ {d{x2Xr^)°) =0 



Figure 7: The compatibility variety of a non-unimodular Lie structure of type 



BL. 
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homomorphism J" i — > ¥[x] (resp., C°°(Lie (V)) i — > C°°(K)) in the sense of [T]. 
In particular, a linear map from F to Lie(y), i.e., an F-homomorphsim from 
¥ to V (S)wV whose image is contained in Lie {V), is algebraic (and smooth, if 
F = R). 

A defomation is called linear if 7 is a straight line. Observe that the linear 
deformation 

jdit) = {l-t)c + td (30) 

of c is naturally associated with the element d e Lie {V,c), d 7^ 0. Obviously, 
any linear deformation of c € Lie (V) is of the form 7^. 

We define an infinitesimal deformation to be tangent vector at c of a de- 
formation 7. In particular, the infinitesimal deformation associated with 7^; is 
the affine vector 7^(0), connecting c and d. Infinitesimal deformations must 
be understood as elements of the tangent space to Lie(F). Two infinitesimal 
deformations are called equivalent if one is obtained from another by action of 
dcip, with ip S Stab (c). 

The tangent space to Lie (y) is naturally identified with Z^{c), and the 
above described action of Stab (c) coincides with a natural action of Stab (c) on 
Z'^{c). Moreover, the subset of Z'^{c) that corresponds to the linear deformations 
coincides with Lie (V, c), and the action of Stab (c) restricts to it. 

5.3 Some examples of deformations 

Now we shall exploit the above description of Lie {V, c) in order to describe 
deformations of a 3-dimensional Lie structure c and their equivalence classes as 
well. By abusing the language we shall call the quotient g'tab (c) "orbit space" . 
To this end, it will be necessary to consider some special subgroups of 
GL(y). 

Remark 7. If F = ^{xj +x\± x\), then Stab (cp) is 0(3) (resp., 0(2, 1)) (see 
also Proposition O . Similarly, for F = \{x\ ± a;|), the group Stab(ci?) will 
be denoted O(2,0j or 0(1, 1,0), respectively. Finally, notice that Stab (cf), for 
F = \x\, coincides with the stabilizer of xi. We do not describe the orbits of 
the action of Stab {cp) on Lieo(^), since this concerns the theory of symmetric 
bilinear forms (see j5j). 

Denote by p : Lie {V) 1 — > '^ [yl a natural projection of sets. Recall that a 
(algebraic, smooth) deformation 7 of c = 7(0) is called a contraction of c if ^07 
takes two different values for t = and t y^ 0. 

5.3.1 Deformations of A^ structures 

Let F = ^{x1 +X2 + 2^1) and c = cp. Then Lie {V,c) ~ Lieo(F) (see Subsection 
5.1.11, and Stab (c) — 0(3) (see Remark [?]). Hence the orbit space identifies 



with -qTT) : i-'3-i with the space of diagonal 3 by 3 matrices over F. 

Observe that no deformation of c is a contraction. The reader should not 
confuse between deformations of Lie algebras and deformations of Lie algebra 
structures. 
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5.3.2 Deformations of Aj structures 

Let F = -^{xi + X2) and c — cp- 

Observe that in this case s^ is 0(2, 0)-invariant and the orbits of the re- 
stricted action of 0(2, 0) are the same as the orbits of the natural action of 
0(2) on s^ . It is easy to prove that the set of parallel sections of C^|o, for such 
an ri, is identified with F. 

Remark 8. If intersection of two subspaces of a vector space is non-trivial, then 
there are smooth curves passing from one subspace to the other, in contrast with 
the algebraic ones. In particular there are smooth curves connecting any point 
of Lieo(T^) with any point of span{s^, as} (See Figure[3|. This is obviously not 
the case for algebraic curves. So, this example illustrates the difference between 
algebraic and smooth deformations. 

5.3.3 Deformations of Ai structures 

Let F = \{x\) and c — cp- 

In this case, the line span{i(xf)} is Stab (c)-invariant and the restricted 
action is trivial, i.e., f2 is a point. Similarly to Proposition |9J one proves that 
there is only one nonzero parallel section of C^|n. 

Under the action of Stab(c), the plane s^^&n {\{x\) , \{(bx2 — 0x3)^)} (see 
Fig. Wl) rotates around the axis s^pan {\{x\)} . If fi is an orbit of Stab (c) not 
contained in this axis, then the set of parallel sections of ^''^In is identified with 
F. 

5.4 Effect of deformations on symplectic foliation in the 
case F = M 

A deformation of a Lie structure c induces a deformation of the symplectic 
foliation of P'^ . Note that only the solvable 3-dimensional Lie stuctures admit 
non-trivial deformations. In such a case, P'^ can be brought to the form 

^c = ^0aA, (31) 

with 4> & End (M^). Indeed, solvable Lie structures Bq, i?i, B^x, and A2 are of 
this form, with ip being 

( V -1 )' ( V -1 )' ( ^1 -A )' and ( °^ I ), 

respectively. The nil-potent Lie structure Ai corresponds to (p ~ I ^ g ) . 
If X^ = 4>'aXb£:, a,b^ 1,2, then P- - 0^Xfcgf^ A gf^, 

etc = t: {4>2'^^f ~ 4'idx\) + (l>2X2dxi — (j)\xidx2, (32) 
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and, therefore, 

d 



P^ = -H^2) 



Px3 - ^4 



d 



Notice that in each point p = (a;i,a;2,X3) where 4>{xi) and 4'{x2) are not simul- 
taneously zero, span{P^^, P^^} is the line generated by ^| . So, it holds the 
following lemma. 

Lemma 10. Symplectic leaves of a solvable Lie structure corresponding to Pois- 
son bi-vector (31 1 are either pull-backs of trajectories of X^ in M^ \ ker via 



the projection Mr\ — > M , or single points of the subspace ker (j) © {x^) . 

5.4.1 Deformation of B^x to A^ 

In this case, elliptic (resp. hyperbolic) spirals converge to circles (resp. hy- 
perbola), as A — ^ 0. Since the -82'^ ^^^ mutually non-isomorphic for different 
values of A, such deformation is not a contraction. 

5.4.2 Deformation of B^i to Ai 



Consider the family of structures {cJ}^gR+ of the form (31), with 

-1 1 



± / -1 1 



and 



a^± — -{dxi ± iJ.dx2) + a^. 
1^ 2 



Then the trajectory of X ± issuing from (x]',X2), x^ ^ 0, is given by 



Vfi 



xi{t) = e *\J {x\Y + lA^2Y cos I arctan 1 -^/M"! 

X2{t) = e-*W^^^-|-(a;0)2sin farctanfy^^ j -|-77Zi 



and 



xi{t) 



x? 



2 2 

2y^ 2^ 
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Figure 8: Projection on the {xi, a;2)-plane of the symplectic leaves of the struc- 
tures i?2 1 (red) and B21 (blue), as they undergo a simultaneous deformation 
to Ai (red and blue overlapped). 




Trajectories of X + (red) and of X - (blue), issuing from vertices of a 
regular hexagon centered at the origin, are represented in Figure[8J for fi running 
from almost zero (first picture) to 1 (last picture). We see that both elliptic 
(determined by cf^) and hyperbolic (determined by cT^) spirals converge to the 
same foliation as /i — > 0, and the constructed deformation is a contraction. 



5.4.3 Deformation of Bi to Ai 



The deformation {caJasr of the form (31 1, with 



fx = 



-A 1 
TO -A 



and 



1 



-dx^ + Xas, 
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is a contraction. The trajectory of Xc^ issuing from {x{, a;!]), which is given by 

and converges to the vertical straight line passing through (x\,x^), as A — > 0. 
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